Abstract. For fully exploiting the elegant properties of T-splines like the local renement and the capacity of representing complicated geometries in industry, this paper intends to solve the problem of the regional distortion and intersection that arise when converting trimmed NURBS into untrimmed T-spline surface, which is usually unstructured T-spline surface including multiple extraordinary points. A genetic algorithm is employed to optimize the tting error from the trimming curve and the distance between the control polygon of the tting curve and the trimming curve's predened enclosed polygon. Bézier extraction operation for unstructured T-spline is implemented for visualization and isogeometric analysis where Gaussian quadrature rule is used for all integral terms. Several examples are investigated to verify the validity of the proposed method.
For example, due to these model problems in CAD, a lot of extra workloads, like interfaces conforming [12, 41] and trimmed elements mapping [17, 18] , have to be investigated before using these models for isogeometric analysis, which was proposed to seamlessly combine CAD and FEA by directly using the spline basis functions in CAD as shape functions in FEA [2, 8] .
T-splines, regarded as the generalization of NURBS, was initially proposed to enable true local renement by allowing the existence of T-junctions [32] . Compared with NURBS, a large number of non-essential control points can be eliminated by using local renement strategies in T-splines [30] . In addition, T-splines provides a suitable method to remove the gap and overlap on the interfaces between dierent patches [31] . These attractive advantages including local renement and watertightness play important roles in the isogeometric analysis. To explore the applications of T-splines in the isogeometric analysis, on the one hand, the linear independence of T-splines blending functions was rst investigated to satisfy the requirement of isogeometric analysis for shape functions [5, 20, 36] ; On the other hand, dierent local renement strategies have been proposed to impel the development of T-splines in the isogeometric analysis [11, 28, 40] . T-splines based isogeometric analysis, so far, has been successfully applied to contact [9, 10] , crack and fracture [14, 33] , shape optimization [19, 21] , thin structure mechanics [24, 35] , and electromagnetics [6] .
With the development of the T-splines, extraordinary points are introduced to extend its ability for the representation of complex geometries. The existence of extraordinary points provides a way to covert a trimmed NURBS surface to an untrimmed T-spline surface [31] , which will bring much convenience for surface representation and editing, as well as isogeometric analysis scenarios. Moreover, a so-called weighted Tsplines has been proposed to reparameterize the trimmed NURBS surface without using extraordinary points in [23] . Nevertheless, watertightness and other properties are still open and need further investigations. In the process of converting a trimmed NURBS to an untrimmed T-spline, B-spline curves with the prescribed number of control points are expected to approximate the trimming curves dened in the trimmed NURBS. Then the obtained control points of the tting curve and the vertices of the predened enclosed polygon which encompasses the trimmed part of the original NURBS surface are connected by a middle layer of control points. However, the edges of T-mesh generated in this step are likely to be distorted and intersect with each other in the narrow neighborhood of the trimming curve, which will result in bad parameterization as shown in Fig. 1 and aect the simulation results in the context of isogeometric analysis [38] .
Converting trimmed NURBS to watertight T-splines has been successfully performed in [31] . However, the phenomenon of distortion or intersection has not been discussed there. Usually based on the original model's characteristics (mainly in terms of tolerance and parameterization), the converting results tend to have Bézier elements' distortions. While poor-quality Bézier elements will further aect the accuracy of simulation results in isogeometric analysis. The reason for this phenomenon is the disconnection between the trimming curve approximation and the predened enclosed polygon. This could be improved by tting the trimming curve by several new curves as well as optimizing the tting algorithm. Therefore, this paper is to solve the problems of the surface's regional distortion and intersection that arise when converting trimmed NURBS into T-spline surface, which is usually unstructured T-spline surface including multiple extraordinary points. We employ a genetic algorithm to optimize the distance between the control polygon of the tting curve and the predened enclosed polygon thus construct certain connections between these two polygons, thus eliminate the regional distortions on the resulting surface, which are adverse to isogeometric analysis. The obtained unstructured Tspline surface will be tested for isogeometric analysis, which is a promising application for introducing T-spline into real industrial arena [29] . The outline of this paper is organized as follows. A detailed conversion of trimmed NURBS surface to T-spline surface is described in Sec. 2. Section 3 presents the multi-objective optimization problem extracted from the T-spline conversion and is solved by using a genetic algorithm. Section 4 gives the formulae about Bézier extraction from the unstructured T-mesh for isogeometric analysis. Several examples are investigated to validate the proposed method in Sec. 5. In the last, the conclusions and future works are summarized in Sec. 6.
TRIMMED-NURBS TO UNTRIMMED T-SPLINES
In this section, the general process of converting trimmed NURBS surface to untrimmed T-spline surface is described in Fig. 2 . Subdivision method could be used to narrow the approximated error. Both the trimmed NURBS surface and untrimmed T-spline surface are bi-cubic in this paper. The whole process can be described into four steps:
Step 1: Inverse computation of the trimming curve. According to the relationship between the trimming curve and NURBS surface in the physical domain, it is easy to nd the corresponding trimming curve C in the NURBS surface's parametric domain through inverse computation as presented in Fig. 2a . The trimming curves in the parametric domain corresponding to the physical trimming curves usually exist in IGES les but not in STEP les.
Step 2: Finding an axis-aligned polygon.
Finding the smallest enclosed-polygon A (denoted by the blue polygon) of the trimming curve in the parametric grid as presented in Fig. 2b . The edges of the polygon A are axis-aligned and coincide with the iso-parametric lines of the NURBS surface. Knot renement algorithm can be used to rene the NURBS parametric grid to obtain a closer polygon to the trimming curve and narrow the approximation error. Another thread way is to convert the untrimmed NURBS surface to T-spline rstly and then execute the local renement of the T-spline, which was implemented in [31] . Nevertheless, how to eciently realize the local renement of T-splines is still an open question full of challenges [11, 28] .
Step 3: Removing the invalid control points and tting the trimming curve.
As shown in Fig. 2c , removing the control points located in the enclosed polygon A and approximating the trimming curve in physical domain with a B-spline curve whose control polygon is denoted by B. The number of control points in B is equal to the number of vertices of polygon A. Assuming that the polygon D denotes the corresponding polygon of A in physical space, the ideal control polygon B should possess a 'similar' shape of the polygon D to obtain a good parameterization. In consequence, we have to coordinate the curve approximation and the shape consistency, which is a nonlinear optimization problem. A genetic algorithm is introduced to minimize the Euclidean distance between the polygon D and the control polygon B.
Step 4: Completing the T-mesh.
Inserting a middle layer of purple control points between polygon D and the control polygon B as depicted in Fig. 2d . The choice of the purple control points should minimize the orthogonal distance between the trimmed NURBS surface and the converted T-spline surface. The knot interval between the purple control points and the corresponding black control points are set to be zero to satisfy the Bézier boundary conditions. It should be noticed that the choice of purple control points is also an optimization problem and will not be discussed in this paper.
An unstructured T-mesh can be built based on the above four steps. Here we discuss in detail how to nd an axis-aligned polygon as presented in the second step. As depicted in Fig. 3a , the elements in the initial NURBS mesh are classied into three types: e a -valid elements, e b -invalid elements, and e c -trimmed Fig .3b , it is easy to nd the center
]. Let r in and r out denote the radius of inscribed circle and circumcircle, we have
Finding the projection of the center point O on the trimming curve by a point P with distance d = |OP| and calculate the rst derivative C t at the point P, then we rstly detect the elements by,
untrimmed elements, Case 3 : r in < d < r out , f urther detection.
Computer-Aided Design & Applications, 17(2), 2020, 348-361 For case 2, the untrimmed elements can be further divided into valid elements and invalid elements by calculating the cross product H = OP × C t . The element is considered to be a valid element when the vector H points out of the page. Otherwise, it is an invalid element. For case 3, we should further calculate the projection of the elements' four corner points on the trimming curve denoted by P i (i = 1, 2, 3, 4). If there exists at least one point P i in the element, then the element is considered to be a trimmed element. Otherwise it is an untrimmed element and can be further detected by using the strategy for case 2. After nding all of the trimmed elements, one can acquire the axis-aligned polygon by detecting the boundary edges of the mesh consisting of trimmed elements. It is noted that half-edge data structure is an ecient and powerful structure for mesh manipulation, and therefore can be used for the procedure's implementation. Some open-sources, e.g., OPENMESH [4] , CGAL [7] , can be employed for a quick implementation. 3 OPTIMIZATION WITH GENETIC ALGORITHM
The problem of nding a 'similar' shape between the control polygon of the tting curve B and the predened enclosed polygon D is simplied to the problem of minimizing the distance between B and D as illustrated in Fig. 2 . Meanwhile, it is expected that the tting error is as small as possible, which is also an optimization problem. Therefore, it is a multi-objective optimization problem and can be solved by using a genetic algorithm which has been successfully applied in numerous elds including curve tting [39] .
Initial Individuals and Population
According to the denition of T-mesh, the parametric length of the opposite edges in each element in T-mesh should be equal. Therefore, the knot vector of the tting curve with control polygon B can be dened according to the parametric length (knot intervals) of the enclosed polygon D. For simple trimming shape, we can use a single curve for tting while several tting curves should be used for complicated trimming shape. Knot vectors, number of control points, degree, and parameters for data points are important factors for B-spline curve tting. Note that knot vectors, number of control points, and degree depend on the enclosed polygon and initial NURBS surface. Therefore, the parameters for data points are the only variables for optimization.
Assuming that the number of data points is m and knot values belong to [a, b], the parameters for the rst and last data points are chosen as a, and b, the parameters corresponding to the rest of the data points denoted byξ i , (i = 2, · · · , m − 1) are considered to be genes for optimization. These m − 2 genes for each individual are generated randomly in [a, b] and sorted with size. The initial population consists of N individuals and is denoted byξ N .
Fitness Function
Two objective functions are considered in this paper: one is the distance between the polygon D and the polygon B, the other is the tting error. Assume that the total number of control points in the polygon D and B is n. The vertices are denoted by D i and B i with i = 1, 2, · · · , n. Then the rst objective function d 1 (ξ) can be written as
where B i is control point. The second objective function d 2 (ξ) is used to minimize the tting error and can be expressed as
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This multi-objective optimization problem can be written as
A linear scalarization method is used to formulate this two-objective optimization into a single-objective optimization problem by assigning a weight to each objective function. Then this modied objective function is given as
where w 1 and w 2 denote the weights and are chosen as 0.5 in this paper. It should be noticed that the
in which min and max mean nding the minimum and maximum value, respectively. The second objective functions d i 2 (ξ) are also normalized in the same way. The problem is evolved into nding the minimization of the objective functions d(ξ). For better procedure implementation, this minimization problem is transformed into a maximization problem by introducing a series of tness functions dened as
where f i (ξ) is the tness value for the i-th individual and is abbreviated as f i in the following expressions. A larger tness value means a larger possibility of the individual to be chosen in the selection stage.
Selection Method
The roulette wheel method is employed to select special individuals for reproduction. Let f i be the tness values of individuals at a generation, the possibility of an individual being selected in the generation is computed as:
For procedure implementation, the possibility p i is modied by
Then the i-th individual is chosen when a random value belongs to [p i−1 , p i ] where p 0 = 0, p N = 1. Given N random values belonging to [0, 1], we can build a new selected generation consisting of all chosen individuals. Note that one individual may be chosen several times.
Crossover Method
Crossover is to produce a "child" which inherits a lot of characteristics from its parents. A possibility value p c is given to determine which individuals are chosen to produce "children". The selected generation obtained
Computer-Aided Design & Applications, 17(2), 2020, 348-361 after using the selection method discussed in the above subsection is divided into N/2 pairs. Iterate each pair and input a random value of r, if r < p c , this pair of individuals are chosen to produce two "children" to replace the parent individuals in the next generation. Otherwise, this pair of individuals have remained in the next generation. Let G 1 and G 2 be the selected pair of parent individuals, two children individuals G 1 and G 2 can be produced by:
where α is a random number between 0 and 1. A so-called simulated binary crossover (SBX) operator is also an appropriate choice for real-coded crossover [1] .
Mutation Method
Mutation, analogous to biological mutation, is to maintain genetic diversity in the reproduction by altering one or more gene values in each individual. A predened value p m is given to determine the possibility of mutation. For each individual, if a random value r < p m , a random gene value in this individual is replaced by a random value. The gene values should be reordered after mutation for curve tting.Note that the possibility of mutation (p m ) and crossover (p c ) can be decided adaptively [34] . 4 
BÉZIER EXTRACTION
Bézier extraction operators have been widely used for linearly mapping local Bernstein basis to global splines basis like NURBS [3] , T-spline [27] , THB spline [15] . The transformed Bézier elements are similar to classical FEA elements and suitable for isogeometric analysis by using FEA framework without considerable modication.
To make it suitable for isogeometric analysis, the unstructured T-splines generated in this paper are transformed into Bézier patches by using a simple method proposed in [29] . For each element in T-mesh, we can generate four face points, eight edge points and four vertex points, which consist of the control points of a Bézier element. As demonstrated in Fig. 4 , P a , P b , P c , P d denote four corner (control) points of an element in T-mesh. Four face points are extracted from each element and two edge points can be computed from two adjacent face points for each edge. The vertex points are calculated from its one-ring neighboring face points. Superscripts f, e, v denote the face point, edge point and vertex point,respectively. The lower case letters a, b, c, d, e, f denote the knot intervals.
With control points P a , P b , P c , P d , four face points Q Fig. 4a , can be computed by 
The edge points Q e i , Q e j given in Fig. 4b , for each edge can be calculated from the adjacent face points as
The vertex point Q v j shown in Fig. 4c is computed from its one-ring neighboring face points by
Based on the above Eqns. 10-16, sixteen Bézier control points can be obtained by ordering the face points, edge points, and vertex points in each T-mesh element as shown in Fig. 4d . Several conversion examples will be given in this subsection. Firstly, as shown in Fig. 5 , we present the results of the optimized T-splines converted from trimmed NURBS given in Fig. 1 . Both the distance between the enclosed polygon D and control polygon B (see Sec. 2), and the tting error are optimized by using a genetic algorithm. It can be found that the parameterization within the narrow neighborhood of the trimming curve has been signicantly improved when compared with the one shown in Fig. 1 . To obtain a better-optimized result, trimming curve could be divided into several curves for approximation. The segment points can be chosen as with the extreme values of the trimming curve's curvature. In addition, to better observing the variation of the objective functions, we plot the values of distance and tting error with respect to the generation in the C-trimmed model's conversion as given in Fig. 6 . Maximum generation is 30. Ignoring the slight uctuation, both values of distance as plotted in Fig. 6a and tting error as plotted in Fig. 6b gradually decrease with the evolution of each generation. Apart from these two examples, we present other three examples to validate the implemented approach. As illustrated in Fig. 7 , letters A-, E-, and H-trimmed NURBS surfaces are converted into untrimmed T-splines. It is observed that defects like distortion and intersection are greatly alleviated by using a genetic algorithm for optimization. The conversion time is mainly related to trimming curve tting. Average time for each iteration is t = 1.1867s with 50 individuals and 200 data points for tting. Note that the optimization procedure is implemented on a MATLAB platform and the computation eciency may be improved by using C/C + + procedure.
Isogeometric Analysis
In this subsection, we will implement isogeometric analysis on our converted T-spline model. A benchmark problem, free vibration of an annular plate, is investigated as an example. As shown in Fig. 8 , The annular plate model with outer radius R = 100 and inner radius r = 30 is initially built with a trimmed NURBS patch in the commercial software Rhino. Thickness h = 10, Young's modulus E = 200 × 10 9 , Poisson ratio v = 0.3 and density ρ = 8000. The outer edge is simply supported and the inner edge is free. There are 144 Bézier elements which have been extracted from the converted T-spline model. Figure 9 presents the rst ten mode shapes of the annular plate calculated by using isogeometric analysis. A dimensionless frequency parameter Computer-Aided Design & Applications, 17(2), 2020, 348-361 is employed for the convenience of comparison, which is dened as
where ω denotes the natural frequency of the annular plate. Parameter D 0 can be calculated by D 0 = Eh 3 12(1−v 2 ) . The obtained results have been compared with standard IGA results and those from existing literature [16, 22] as listed in Table 1 . It can be found that our results by using converted T-spline agree very well with existing results and that from standard IGA. 6 
CONCLUSIONS
In this paper, the phenomenon of distortion or intersection introduced in converting trimmed NURBS to watertight T-splines is eliminated or greatly alleviated by using a genetic algorithm. In the conversion process, we ought to strike a balance between the approximation error and the good parameterization. A multi-objective optimization problem is constructed to minimize the tting error, as well as the Euclidean distance between the tting curve of the trimming curve and the predened enclosed polygon. A genetic algorithm is employed for optimization. The converted T-spline surfaces show that the proposed method could maintain a good parameterization and greatly alleviate the problem of intersection and distortion. In addition, we extract the Bézier elements from the converted T-spline surface model for free vibration analysis of plate by using the isogeometric approach. Future works will focus on more complicated trimming cases and the conversion of multiple trimmed NURBS patches into a single T-spline patch. 
